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Appendix A Maximum Likelihood Estimations (MLE) and Likelihood Ratio Tests (LRT)
To simplify the notations for likelihoods 1, 3, and 5 to calculate logL, let us denote
c1 = 4n1 + 3n2 + 3n3 + 2n4 + 2n5 + 2n6 + 2n7 + n8 + n9,
c2 = n2 + n3 + 2n4 + 2n5 + 2n6 + 2n7 + 3n8 + 3n9 + 4n10,
c3 = n3 + n4 + n6 + n8,
c4 = n1 + n2 + n5,
k1 = 3m1 + 2m2 + 2m3 +m4 +m5 +m6,
k2 = m2 +m3 +m4 + 2m5 + 2m6 + 3m7,
k3 = m2 +m4 +m6,
k4 = m1 +m3.
t1 = 2s2 + s1.
t2 = s1 + 2s0.
t3 = s1.
t4 = s2.
Then, we may write the joint log-likelihood as follows
logL = logLTriads + logLParent−Child−Dyads + logLAffected−Monads
= (c1 + k1 + t1) log p+ (c2 + k2 + t2) log(1− p) + (c3 + k3 + t3) logψ1
+(c4 + k4 + t4) logψ2 − (n+m+ s) logR.
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A.1 Null Hypothesis of No Association H0 : ψ1 = ψ2 = 1
Under H0 : ψ1 = ψ2 = 1, we have R = p
2ψ2 + 2pqψ1 + q
2 = (p+ q)2 = 1. Then,
logL = (c1 + k1 + t1) log p+ (c2 + k2 + t2) log q





c1 + k1 + t1
p
− c2 + k2 + t2
1− p
= 0
⇒ p̂ = p0 =
c1 + k1 + t1
c1 + k1 + t1 + c2 + k2 + t2
.
A.2 Unrestricted Model HUnr : ψ1 ≥ 0, ψ2 ≥ 0
Under HUnr : ψ1 ≥ 0, ψ2 ≥ 0,
R = p2ψ2 + 2pqψ1 + q
2
= p2ψ2 + 2(p− p2)ψ1 + q2.
Then, the log-likelihood is
logL = (c1 + k1 + t1) log p+ (c2 + k2 + t2) log(1− p)
+(c3 + k3 + t3) logψ1 + (c4 + k4 + t4) logψ2 − (n+m+ s) logR.
Hence, we have
d logL(p, ψ1, ψ2)
dp
=
c1 + k1 + t1
p
− c2 + k2 + t2
1− p
−2(n+m+ s) pψ2 + (1− 2p)ψ1 + p− 1
p2ψ2 + (2p− 2p2)ψ1 + q2
,
d logL(p, ψ1, ψ2)
dψ1
=
c3 + k3 + t3
ψ1
− 2(n+m+ s) p− p
2
p2ψ2 + (2p− 2p2)ψ1 + q2
,
d logL(p, ψ1, ψ2)
dψ2
=
c4 + k4 + t4
ψ2
− (n+m+ s) p
2


























d2 logL(p, ψ1, ψ2)
dp2
= −c1 + k1 + t1
p2




ψ2 − 2ψ1 + 1
p2ψ2 + (2p− 2p2)ψ1 + q2
− 2(pψ2 + (1− 2p)ψ1 + p− 1)
2
(p2ψ2 + (2p− 2p2)ψ1 + q2)2
]
,





p2ψ2 + (2p− 2p2)ψ1 + q2
− 2p(1− p)(pψ2 + (1− 2p)ψ1 + p− 1)
(p2ψ2 + (2p− 2p2)ψ1 + q2)2
]
,





p2ψ2 + (2p− 2p2)ψ1 + q2
− p
2(pψ2 + (1− 2p)ψ1 + p− 1)
(p2ψ2 + (2p− 2p2)ψ1 + q2)2
]
,
d2 logL(p, ψ1, ψ2)
dψ21




(p2ψ2 + (2p− 2p2)ψ1 + q2)2
,




(p2ψ2 + (2p− 2p2)ψ1 + q2)2
,
d2 logL(p, ψ1, ψ2)
dψ22




(p2ψ2 + (2p− 2p2)ψ1 + q2)2
.
By Newton-Raphson method, we have iteration equation
(pj+1, ψj+11 , ψ
j+1
2 ) = (p

















A.3 Dominant Model HDom : ψ1 = ψ2
Under HDom : ψ1 = ψ2, we have
R = p2ψ2 + 2pqψ1 + q
2
= p2ψ1 + 2p(1− p)ψ1 + q2
= p2ψ1 + 2pψ1 − 2p2ψ1 + q2
= 2pψ1 − p2ψ1 + q2.
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Then, we have
logL = (c1 + k1 + t1) log p+ (c2 + k2 + t2) log(1− p)





c1 + k1 + t1
p
− c2 + k2 + t2
1− p
− 2(n+m+ s) ψ1 − pψ1 + p− 1





c3 + k3 + t3 + c4 + k4 + t4
ψ1
− (n+m+ s) 2p− p
2


















= −c1 + k1 + t1
p2





2pψ1 − p2ψ1 + q2
− 2(ψ1 − pψ1 + p− 1)
2








2pψ1 − p2ψ1 + q2
− (ψ1 − pψ1 + p− 1)(2p− p
2)









(2pψ1 − p2ψ1 + q2)2
.
By Newton-Raphson method, we have iteration equation
(pj+1, ψj+11 ) = (p
j , ψj1)− J−1




A.4 Recessive HRec : ψ1 = 1
Under HRec : ψ1 = 1, we have
R = p2ψ2 + 2pqψ1 + q
2
= p2ψ2 − p2 + 1.
4




c1 + k1 + t1
p
− c2 + k2 + t2
1− p
− 2(n+m+ s) p(ψ2 − 1)





c4 + k4 + t4
ψ2
− (n+m+ s) p
2


















= −c1 + k1 + t1
p2





p2ψ2 − p2 + 1
− 2p
2(ψ2 − 1)2








p2ψ2 − p2 + 1
− p
3(ψ2 − 1)









(p2ψ2 − p2 + 1)2
.
By Newton-Raphson method, we have the following iteration equation
(pj+1, ψj+12 ) = (p
j , ψj2)− J−1




A.5 Multiplicative Model HMult : ψ2 = ψ21
Under HMult : ψ2 = ψ
2
1 , we have
R = p2ψ2 + 2pqψ1 + q
2 = p2ψ21 + 2pqψ1 + q
2 = (pψ1 + q)
2 = (pψ1 + 1− p)2
Then,
logL = (c1 + k1 + t1) log p+ (c2 + k2 + t2) log(1− p)
+(c3 + k3 + t3) logψ1 + (c4 + k4 + t4) logψ
2
1 − (n+m+ s) logR
= (c1 + k1 + t1) log p+ (c2 + k2 + t2) log(1− p)






c1 + k1 + t1
p
− c2 + k2 + t2
1− p
− 2(n+m+ s) ψ1 − 1





c3 + k3 + t3 + 2c4 + 2k4 + 2t4
ψ1
− 2(n+m+ s) p


















= −c1 + k1 + t1
p2








= −2(n+m+ s) 1








(pψ1 + 1− p)2
.
By Newton-Raphson method, we have iteration equation
(pj+1, ψj+11 ) = (p
j , ψj1)− J−1




A.6 Additive Model HAdd : ψ2 = 2ψ1 − 1
Under HAdd : ψ2 = 2ψ1 − 1, we have
R = p2ψ2 + 2pqψ1 + q
2
= 2p2ψ1 + 2p(1− p)ψ1 + q2 − p2
= 2p2ψ1 + 2pψ1 − 2p2ψ1 + q − p
= 2pψ1 + 1− 2p.
Then, we have
logL = (c1 + k1 + t1) log p+ (c2 + k2 + t2) log(1− p)






c1 + k1 + t1
p
− c2 + k2 + t2
1− p
− 2(n+m+ s) ψ1 − 1





c3 + k3 + t3
ψ1
+
2(c4 + k4 + t4)
2ψ1 − 1
− 2(n+m+ s) p


















= −c1 + k1 + t1
p2








= −2(n+m+ s) 1




= −c3 + k3 + t3
ψ21




(2pψ1 + 1− 2p)2
.
By Newton-Raphson method, we have iteration equation
(pj+1, ψj+11 ) = (p
j , ψj1)− J−1
 d logL(pj ,ψj1)dp
d logL(pj ,ψj1)
dψ1
 .
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